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This is very significant when calculating non-linear terms such as the advection operator in
the Navier-Stokes equation. For example, to determine the value of the non-linear product
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at a point ξi we have:
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Since hp(ξi) = δpi and hq(ξi) = δqi then

uδ(ξi)
∂uδ

∂ξ
(ξi) = uiu

′
i.

Finally, we can represent our nonlinear product in terms of an expansion of Lagrange poly-
nomials as

uδ(ξ)
∂uδ

∂ξ
(ξ) !

P∑

p=0

upu
′
php(ξ).

We note however that if uδ(ξ) is a polynomial of order P then the non-linear product

uδ(ξ)∂uδ

∂ξ (ξ) is a polynomial of order (2P − 1) and so it cannot be exactly represented by

the Lagrange polynomial expansion of order P . At the nodal points the coefficient upu′
p will

be identical to the value of uδ(ξp)∂uδ

∂ξ (ξp). Nevertheless, projecting the non-linear terms to
a lower polynomial order in this fashion can lead to aliasing errors as discussed in section
1.4.1.2.

Although this example is in one-dimension, the same properties apply in multiple di-
mensions provided the expansion can be represented by a tensor product of Lagrange poly-
nomials. Using the collapsed Cartesian coordinates systems described in section 2.2.1 it
is possible to represent any polynomial expansion as a tensor product of one-dimensional
Lagrange polynomials.

3.1.2.1 Two Dimensions Differentiation in the Standard Regions, Ωst

Implementation.
note: Numerical
differentiation in Ωst:
Quadrilateral and
triangular regions.

Quadrilateral Region

To differentiate an expansion within the standard quadrilateral region Q2 of the form:

uδ(ξ1, ξ2) =
P1∑

p=0

P2∑

q=0

ûpqφpq(ξ1, ξ2),

we first represent the function in terms of Lagrange polynomials so

uδ(ξ1, ξ2) =
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upq hp(ξ1)hq(ξ2),


