
Figure 5: Contours of the magnitude of velocity in a periodic hill simulation at
Re = 2800.

for flow over a NACA0012 aerofoil at a farfield Mach number
Ma1 = 0.8 and a 1.5� angle of attack. The transonic mach
number of this flow leads to the development of a strong and
weak shock along the upper and lower surfaces of the wing re-
spectively. This figure shows isocontours of the mach number
where the presence of the shocks are clearly identified. Finally,
In Fig. 4(c), we visualise the temperature field from flow pass-
ing over a T106C low-pressure turbine blade at Re = 80,000
to highlight applications to high Reynolds number flow simula-
tions.

4.2. Transitional turbulent flow dynamics

Transient problems in which turbulence dominates the flow
domain, or in which the transition to turbulence dominates the
simulation, remain some of the most challenging problems to
resolve in computational fluid simulations. Here, accurate nu-
merical schemes and high resolution of the domain is critical.
Moreover, any choice of scheme must be e�cient in order to ob-
tain results in computationally feasible time-scales. Tradition-
ally, highly resolved turbulence simulations, such as the Taylor-
Green vortex problem, lie firmly in the class of spectral meth-
ods. However, spectral methods typically lead to strong geom-
etry restrictions which limits the domain of interest to simple
shapes such as cuboids or cylinders.

Whilst spectral element methods may seem the ideal choice
for such simulations, particularly when the domain of interest
is geometrically complex, they can be more computationally
expensive in comparison to spectral methods. However, when
the domain of interest has a geometrically homogeneous com-
ponent – that is, the domain can be seen to be the tensor prod-
uct of a two-dimensional ‘complex’ part and a one-dimensional
segment – we can combine both the spectral element and tradi-
tional spectral methods to create a highly e�cient and spectrally
accurate technique [4].

We consider the application of this methodology to the prob-
lem of flow over a periodic hill, depicted in Fig. 5, where the
flow is periodic in both streamwise and spanwise directions.
This case is a well-established benchmark problem in the DNS
and LES communities [25], and is challenging to resolve due to
the smooth detachment of the fluid from the surface and recir-
culation region. Here we consider a Reynolds number of 2800,
normalised by the bulk velocity at the hill crest and the height
of the hill, with an appropriate body forcing term to drive the
flow over the periodic hill configuration.

The periodicity of this problem makes it an ideal candidate
for the hybrid technique described above. We therefore con-

struct a two-dimensional mesh of 3626 quadrilateral elements
at polynomial order P = 6, and exploit the domain symmetry
with a Fourier pseudospectral method consisting of 160 collo-
cation points in the spanwise direction to perform the simula-
tion. This yields a resolution of 20.9M degrees of freedom per
field variable and allows us to obtain excellent agreement with
the benchmark statistics.

4.3. Flow stability
In addition to direct numerical simulation of the full

non-linear incompressible Navier-Stokes equations, the
IncNavierStokesSolver supports global flow stability
analysis through the linearised Navier-Stokes equations with
respect to a steady or periodic base flow. This process identifies
whether a steady flow is susceptible to a fundamental change
of state when perturbed by an infinitesimal disturbance. The
linearisation takes the form

@u0

@t
+ (u0 · r)U + (U · r)u0 = �rp0 + ⌫r2u0

r · u0 = 0,

where U is the base flow and u0 is now the infinitesimal pertur-
bation. The time-independent base flow is computed through
evolving Equs. 9 to steady-state with appropriate boundary con-
ditions. For time-period base flows, the flow is sampled at reg-
ular intervals and interpolated.

The linear evolution of a perturbation under Equs. 10 can be
expressed as

u0(t) = A(t)u00

for some initial state u00, and we seek, for some arbitrary time
T, the dominant eigenvalues and eigenmodes of the operator
A(T ), which are solutions to the equation

A(T )ũ j = � jũ j.

The sign of the leading eigenvalues � j are used to establish the
global stability of the flow. An iterative Arnoldi method [26]
is applied to a discretisation M of A(T ). Repeated actions
of M are applied to the initial state u0 using the same time-
integration code as for the non-linear equations [27]. The re-
sulting sequence of vectors spans a Krylov subspace of M and,
through a partial Hessenberg reduction, the leading eigenval-
ues and eigenvectors can be e�ciently determined. The same
approach can be applied to the adjoint form of the linearised
Navier-Stokes evolution operatorA⇤ to examine the receptivity
of the flow and, in combination with the direct mode, identify
the sensitivity of the flow to base flow modification and local
feedback. The direct and adjoint methods can also be combined
to identify convective instabilities over di↵erent time horizons
⌧ in a flow by computing the leading eigenmodes of (A⇤A)(⌧).
This is referred to as transient growth analysis.

To illustrate the linear analysis capabilities of Nektar++, we
use the example of two-dimensional flow past a circular cylin-
der at Re = 42, just below the critical Reynolds number for
the onset of the Bénard-von Kármán vortex street. This is a
well-established test case for which significant analysis is avail-
able in the literature. We show in Fig. 6 the leading eigen-
modes for the direct (A) and adjoint (A⇤) linear operators for
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